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ERRATA: July 2001
Due to a programming error figures 29 through 38, parts (b) and (c) were
inadvertently plotted with the sign of the w velocity component reversed. These
figures should be interpreted with this in mind

The same error would have affected output from the subroutine corrn.m (i.e.
reversing the sign of uw and vw correlations returned) distributed with the zip file
containing the two-point data and Matlab programs. This zip file (available at
http://www.aoe.vt.edu/flowdata) has now been amended to eliminate this error.




TSNS N
NN
T

N
NN N

1942

g

7=
!

e

fiflias

May 1999

Chittiappa Muthanna and Roulong Ma,

Stewart A. L. Glegg,
Report VPI-AOE-263

Department of Ocean Engineering,

Florida Atlantic University, Boca Raton, FL 33431

Tel. (540) 231 4456 Email: devenport@aoe.vt.edu

Department of Aerospace and Ocean Engineering,
Virginia Tech, 215 Randolph Hall, Blacksburg VA 24061.

Report to NASA Langley under grant NAG 1
Technical Monitors: C. L. Burley and T F Brooks

William J. Devenport

MEASUREMENT AND MODELING OF THE TWO-POINT CORRELATION
TENSOR IN A PLANE WAKE FOR BROADBAND NOISE PREDICTION




ABSTRACT

Single and two-point turbulence measurements have been made in the plane
turbulent wake of momentum thickness Reynolds number 3060 shed from a NACA 0012
airfoil at zero angle of attack. The single point measurements reveal the evolution of the
wake to afully developed state and its symmetry and two dimensionality. They aso show
the wake to be similar to the fully developed flows of previous studies. The two-point
measurements, made in the fully developed region, provide a complete description of the
4-dimensional two-point correlation tensor of the wake. A compact representation of this
function, suitable for use in aeroacoustic calculations, is made publicly available. These
data can be used to determine the upwash space-time correlation function seen by any
blade cutting the wake on any path. We demonstrate that they can also be used to
estimate the space-time correlations produced by distorted wakes. The data also allow
examination of the ‘characteristic eddies’ of the turbulence through proper orthogonal
decomposition and linear stochastic estimation.

A simple generic technigue has been developed to extrapolate the correlation
tensor function from the Reynolds stress field based upon the hypothesis that itsform is
largely determined by the constraints imposed by inhomogeneity and continuity.
Estimates for the plane wake compare favorably with measurements and, interestingly,
proper orthogonal modes and characteristic eddy structuresinferred from the estimates

are similar to those obtained from measurements.
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1. INTRODUCTION

The motivation behind the present work is the desire for amore realistic
representation of turbulence for use in computing broadband noise resulting from blade-
wake interactions in helicopter rotors, stator-wake interactions in large aspect ratio
aircraft engines, and similar situations. Such calculations (e.g. Amiet, 1975, Glegg et al.,
1997, Glegg 1998) require the two-point space time correlation of the upwash velocity
component seen by the lifting surface. Since thisinformation is not generally available
the turbulence is usually assumed to behave as though it were homogenous and isotropic
and von Karman's interpolation formula or a similar function is used. In a series of
measurements (see Devenport et al., 1998, Devenport et al., 1997, Wittmer et al., 1997,
Wenger et al., 1998), we have established that the upwash correlation function in several
wake flows is actually quite different than that implied by von Karman's interpolation.
The form of the correlation function is dominated by the anisotropy and inhomogeneity
visible in the mean flow, and its expression in the large eddy structure of the turbulence.
Devenport et al. (1998) show that these differences can have a significant effect on the
broadband noise generated.

The investigation described in this report has involved experimental and
theoretical studies aimed at more providing more realistic representations of the
correlation function for wake flows. Experiments have been performed to measure the
complete two-point space-time correlation tensor of the fully-developed plane turbulent
wake formed downstream of an airfoil. Along with single-point measurements of velocity
statistics and spectra, these data have been analyzed to reveal, as far as possible, the

important turbulence structure of the wake from the point of view of broadband noise



prediction. Particular attention is paid to the proper orthogona modes (Lumley, 1967) of
the wake since, as demonstrated by Glegg and Devenport (1997), these provide the
rigorously correct description of an inhomogeneous turbulence for broadband noise
calculations. The correlation measurements have a so been reduced to the form of a

MATLAB" function that could be directly incorporated into aeroacoustic calculation

methods. (This function, along with the rest of the measurements and codes used in the

present investigation are available over the Internet at http://www.aoe.vt.edu/flowdata.)
With aeroacoustic calculations in mind we show that this plane wake data can be used to
estimate the space time correlation function of a distorted wake, by taking a distorted
path through the correlation function. Such estimates are not exact — oneisignoring the
effects of wake stretching, curvature, interaction etc. upon the turbulence — but are
significantly more realistic than assuming homogeneous isotropic turbulence.

The theoretical component of the present investigations has involved the
development of a generic modeling technique for extrapolating the two-point correlation
tensor function purely from Reynolds stress data. Such techniques are needed to couple
aeroacoustic calculations to RANS calculations. The present approach is based on the
hypothesis that much of the form of the correlation function is adirect result of the
inhomogeneity of the turbulence field coupled with the constraints of continuity. The
simplest viable model consistent with this hypothesis has been developed and applied to
the wake flow. The model reproduces many of the key features of the measured
correlation function including the proper orthogonal modes and their associated flow
patterns. Given that the model is not ‘tuned’ to the wake flow — (indeed it could be used

to estimate the correlation function of any turbulent flow for which the Reynolds stress



field isknown and alength scale can be estimated) — this result suggests that our
hypothesisis sound. The form of the model permits the inclusion of flow-specific
information if greater accuracy is desired.

Thisreport is divided into sections describing the experimental apparatus (82),
coordinate system and test conditions (83), single point wake measurements (84), two-

point correlation measurements (85), theoretical modeling (86), and conclusions (87).

2. APPARATUS AND INSTRUMENTATION

M easurements were made in the 0.610x0.914x6.10m test section of the Virginia
Tech 3x2 Low Speed Wind Tunnel (figure 1). The empty test section of this tunnel,
0.610m high and 0.914m wide, produces alow turbulence (<0.2%), closely uniform flow
with near zero streamwise pressure gradient, see Engel (1995). Tapered filletsinstalled in
the corners of the wind tunnel test section eliminate most of the streamwise pressure
gradient associated with boundary layer growth. Figure 2 shows the streamwise pressure
distribution in the empty test section.

A NACA 0012 airfail, 0.203m in chord, was mounted at the mid height of the test
section, at zero sweep and zero angle of attack, with its leading edge 1.524m downstream
of the test section entrance (figure 1). A distributed roughness trip, consisting of 0.5mm-
diameter glass welding beads glued in arandom pattern at a density of approximately
200beads/cm? covering the first 40% of the chordlength of the airfoil, was used to
generate relatively high Reynolds number turbulent boundary layers on both sides of the
airfoil. The wake of the airfoil, allowed to develop unhindered over the remainder of the

test section length, is the subject of the present investigation.



Single and two-point turbulence measurements were made in the wake using
Auspex Corp. miniature four-sensor hot-wire probe, type AVOP-4-100 (figure 3). This
type of probe, consisting of two orthogonal X-wire arrays, was chosen becauseit is
capable of simultaneous three-component measurements from arelatively compact
(0.5mm°) measurement volume. It also overcomes some of the gradient error problems
associated with a standard triple-wire probe in trailing vortex flows (see Wittmer, 1996,
and Wittmer et al., 1998). Sensors were operated using Dantec 56C17/56C01 anemometer
units (matched frequency response better than 20 kHz) interfaced to an IBM AT
compatible computer using an Analogic 12 bit HSDAS-12 analog-to-digital converter
and a series of buck and gain amplifiers of calibrated frequency response.

Probes were calibrated separately for velocity and angle response. Velocity
calibrations were performed frequently using King’s law to correlate the wire output
voltages with the cooling velocities. Angle calibrations were performed periodically
using the direct method of Wittmer et al. (1998) which involves placing the probein the
potential core of auniform jet and pitching and yawing over all likely flow angle
combinations from +45° to -45°.

Since measurement of the two-point correlation tensor involves the measurement
of the cross-spectrum tensor between the velocity fluctuations at pairs of points over a
broad range of frequencies, it is essential that the dynamic response of the individual
sensors on each probe, and the response of the sensors on the different probes be closely
matched. To observe the dynamic response, calibrations were performed for each sensor
and its associated electronics using apulsed YAG laser. The sensor was placed in aflow
with the same velocity as the wind tunnel free stream, and illuminated by the laser, which

produces nano-second-long pulses at a rate of about 10Hz. The electrical output from the



corresponding anemometer bridge, which reveals the impulse response of the system,
was recorded using a Rapid Systems R2000 8-bit 20Msample/sec A/D converter system.
Impulse response curves, phase aligned using the trigger signal from the laser, were
averaged over many realizations and then Fourier transformed to reveal the amplitude
and phase response characteristics. It was found through this process that the strongest
factor controlling the form of the (otherwise optimized) frequency response was the
length of the probe cables. By choosing the cable lengths the amplitude and phase
response characteristics shown in figure 5 were obtained. Note the flat amplitude and
well matched phase response characteristics, out to well beyond 20KHz - more than
sufficient for the present turbulence measurement which showed little energy beyond
about 13kHz.

A two-axis computer controlled traverse gear was used to position one of the
four-sensor probes in the test section. For the two-point measurements, the second four-
sensor probe was held using an unmotorized support. Previous studies by Miranda (1996)
suggest that interference between the probes would have been minimal, even for very
close probe spacings. This conclusion is supported by the results of the present

measurements.

3. COORDINATE SYSTEM, TEST CONDITIONS
Figure 1 shows the coordinate system used in presenting results. Coordinate x is
measured downstream along the test-section axis from the airfoil leading edge, coordinate
y is measured downward from the chordline of the airfoil and therefore the wake
centerline, and coordinate z is measured in the spanwise direction from the center of the

test section so as to complete aright handed system. Mean and fluctuating velocity



components (U,V,W) and (u,v,w) are defined in the directions (x,y,z) respectively.
Distances are often normalized on the wing chord c equal to 8". Velocities are often
normalized on the approach free-stream velocity U, sensed using a Pitot-static probe
located near the corner of the test section close to its upstream end. Throughout the

measurements, this velocity was set to 27.4m/st1%, corresponding to a chord Reynolds

number of 339000+2%.

4. SINGLE-POINT TURBULENCE MEASUREMENTS

4.1 Test Matrix

Single-point velocity and turbulence measurements were made in y-profiles
through the wake on the tunnel centerline at 18 streamwise |locations extending from
x/c=1.67 to 12.07. All mean-velocity, Reynolds stress and triple-product components
were measured. At selected locations three-component spectra of velocity fluctuations
were also measured. The purpose of these measurements was to document the statistical
and spectral properties of the wake and their evolution to afully developed state. At one
station within the fully developed region, x/c=9.34, afull cross-section of single-point
measurements were made two verify the two-dimensionality of the wake. Uncertainty

estimates for single-point measurements are presented in table 1.

4.2 Data Availability
All measurements presented in this section are available in numerical form over

the World Wide Web at http://www.aoe.vt.edu/flowdata.
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4.2 Results and discussion

The mean axia (x-wise) velocity profile of a plane turbulent wake typically has
the Gaussian-like form shown schematically in figure 5. This profile is used to define the
local wake length and velocity scales at a particular x station. The velocity scale Uy, is
taken as the centerline axial velocity deficit. The half-wake width L, is defined as the

distance from the centerline to the point where the axial velocity deficit is half its

centerline value. The wake momentum thickness 0 is defined as 6= I uié_ui%y and

should be constant with respect to streamwise distance since it is directly related to the
drag coefficient on the airfoil, Cy = 20/c. Figure 6 shows the streamwise evolution of
Uw/Ug, Luw/c and 6/c, determined from the measured mean velocity profiles, as functions
of the distance from the airfoil trailing edge x/c-1. Figures 6a and b show that the wake
half width L,,/c grows approximately with the square root of streamwise distance, from an
origin close to the trailing edge. Conversely the velocity scale U,/U, decays
approximately with the square root of streamwise distance from asimilar origin. Square-
root variations are expected for afully developed turbulent wake (see, for example,
Townsend , 1956) but, as revealed below, this does not imply that the wake was fully
developed over its entire length. As expected, the momentum thickness (figure 6¢) is
almost constant at a value of about 0.0093c, implying awake momentum thickness
Reynolds number U<8/v of 3060 and an airfoil drag coefficient of 0.0187. Thisvalue
appears reasonable - according to standard roughness formulae (Schlichting, 1968) a flat
plate with the same roughness distribution and chordlength of the present airfoil would

produce adrag coefficient of 0.0128. Following Wygnanski et al. (1986), the
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preservation of the wake momentum deficit can also be examined by plotting 6/L,, vs.

Uw/Ue which should follow arelationship of the form Li :%E]l —lLJJ—WDZ E The present

results, plotted in figure 6d, very closely follow this form, with [J; = 2.058 and [, =
1.503 (determined by least-squares fit) - almost identical to the values of 2.06 and 1.505
inferred by Wygnanski et al from their measurements.

Figure 7 through 9 show the mean velocity, turbulence stress and triple product
profiles measured at all 18 stations. Figures 10 through 12 show the same quantities for
the cross section measured at x/c=9.33. Velocity time spectra measured at the 18 stations
are presented in figures 13 and 14. All profiles are presented normalized on U,, and L,,.
Once the wake achieves afully developed self-similar state, profiles plotted in thisform
should be invariant with streamwise distance. The spectra similarly show the progression
to aself-similar state. Autospectra G (units of velocity squared per Hertz) are normalized
as GU4/(Uw2Ly,) and plotted against frequency f (in Hertz) normalized as fL,/Ue - the
presumption being that the turbulence is convected at approximately Ue.

The mean U velocity profiles (figure 7) appear self-similar over the whole

measured length of the flow. The profile shape is quite accurately described by the

_ 2 4
exponential function UTJ Y. exp%— kli'—z - |<2y—4H where k; and k; are 0.632 and 0.0612

respectively. Wygnanski et al. (1986) found a good fit to the same equation with
constants of 0.637 and 0.056 respectively. Self similarity takes longer to appear in the

Reynolds stress and triple product profiles (figures 8 and 9). The most important

Reynolds stresses u?, V2, w2, and w and triple products u®, v*, u?v, w?, w?, uw?

appear to reach self-similarity at about x/c = 9.34. Interestingly, of all these quantities V2,
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after overshooting its fully developed level, takes easily the longest to reach self

similarity. The shape of the self simular Reynolds shear stress uv profileis very closeto
that measured by Wygnanski et al. (1986) for an airfoil wake, asis the peak value of this
stress 0.04U,,°. The turbulence kinetic energy production in the wake is dominated by this
stress and reaches its largest value, of close to 0.03Uy*/L, at this peak. Assuming the
disspation rate matches the production, this number implies a Kolmogorov microscale for
thisflow of 0.010L,, in the fully developed region (=0.17mm at x/c=9.34). Both

upstream and downstream of x/c = 9.34 all the profiles are closely symmetric or anti

symmetric about the wake centerline - consistent with accuracy in the measurements.

In an exactly two-dimensional plane wake the stresses and triple products uw, w,

w3, uTvv, W, uw are identically zero because of the symmetry constraints on w. The
profiles here show these quantities to be small, but not exactly zero. One could of course
attribute these residual levels to measurement uncertainty. However, the shapes of these
profiles suggests some connection with the small W component vel ocities measured in
the wake (figure 7c). While only afew percent of the axial velocity deficit, the W profiles
suggest the presence of weak streamwise vorticity in the wake. Specifically, many of the
profiles suggest ajump in W through the wake of between 8 and 2%U,, (ignoring those
profiles most obviously influenced by drift in the measurement of this small quantity).

At x/c=2.68, for example, the velocity jump is about 7.5%U,, . Thiswould imply a vortex
sheet embeded in the wake with a strength of 7.5%U,, =1%U,. Such a sheet could be
generated by avariation of about +0.1 degreesin the effective angle of attack of the
airfoil acrossits span. The presence of such avariation seems extremely likely - one

Imagines that almost all wind tunnel test sections have flow angle non-uniformities of at
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least this magnitude. So, while the residual values of these mean velocity, stress and
triple product components are some indication of departures from precise two-
dimensionality, it would clearly require an unusually precise test-section flow to do much
better.

The geoemetric two-dimensionality of the wake flow is apparent in the cross-
sectional measurements made at x/c = 9.34, figures 10 to 12. Except in the (rather
uncertain) contours of V and W these measurements show no significant spanwise
variations of any of the measured quantities. These measurements cover theregionin
which all the two-point velocity measurements were made.

The auto and cross-spectra measured at the wake centerline (figures 13) and
approximately one half-wake width from the centerline (figure 14) reveal the distribution
of energy amongst the various length scales of the flow. Aswith the Reynolds stresses,
the autospectrum of upwash (v) velocity fluctuations (figures 13b and 14b) isthelast to
achieve a self-similar form. The v spectra display a distinct peak near fL,/Ue =0.25,
usually thought to be associated with the passage frequency of the dominant coherent
structures, and it is around this peak that a the self-similar spectral shape takes longest to
develop. The u and w autospectra measured near y/L,, = -1 display inertial subranges (of
-5/3 slope) over about 1 decade of frequency range. Similar smaller regions are visiblein
the spectra measured on the centerline. The cross spectrum of u and v velocity
fluctuations measured at y/L,, = -1 (figure 14d) shows that, in the fully developed region,
amost all the Reynolds shear stressis generated by motions at frequencies less than the

apparent passage frequency of dominant structures ( fL,,/Ue =2.5). Below this frequency
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the coherence between u and v fluctuations is constant at about 0.4. Above this frequency

the coherence is zero, the change occurring surprisingly rapidly near fL,/U =2.5.

5. TWO-POINT TURBULENCE MEASUREMENTS

5.1 Test Matrix

All two-point measurements were made at x/c=9.34. Seventeen sets of
measurements were made. For each set, one of the four sensor probes was set at afixedy
location in the wake on the tunnel centerplane (z=0). This probe (the fixed’ probe) was
closely aligned with the tunnel axis and thus the flow direction. A second four-sensor
probe (the ‘'moveabl e’ probe) was then positioned at some 400 points around the fixed
probe (e.g. figure 15) using the two-axis traverse gear. Each point corresponded to a
different spanwise separation between the probes Az (up to a maximum of between -2 and
-3L,) and adifferent normal separation, Ay (up to a maximum of between +3 and
+4.1L,,). Measurements were made for both positive and negative y-separations, but only
for negative z-separations, since the correlation function was expected to be symmetric
about Az=0. As show in figure 15, points were taken at a greater density for smaller
separations than for larger separations, in anticipation of the shape of the correlation
function. The moving probe was yawed at some 13 degrees to the tunnel axis to enableits
measurement volumes to be brought as close as possible to that of the fixed probe. The
minimum probe separation thus achieved was 2.5mm and the minimum change in probe
separation between points was 1.2mm. At each point 50 records, each 3072 pointsin
length, were recorded from each of the 8 sensors at arate of 50kHz - sufficient to

calculate alow uncertainty estimate of the cross-spectrum tensor between the probes. The
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four sensors of each probe were sampled simultaneously using the HSDAS-12 anal og-to-
digital converter, but there was a delay of 10psec between the sampling of the two
probes. The effect of thisdelay isto introduce a slight phase shift into the cross-spectrum
tensor, which was corrected during post processing.

As mentioned above, seventeen such sets of measurements were made, each for a
different y location of the fixed probe. We intended to take measurements for an evenly
spaced set of fixed-probey locations but day to day uncertainty in setting the absolute
traverse position resulted in an irregularly spaced set extending fromy/L,, = 0.1 and -2.7.
Almost all the measurements were made with the fixed probe on one side of the wake,
since the wake was expected to be symmetric about its centerline.

Uncertainty estimates for two-point measurements are presented in table 1.

5.2 Data Reduction

All measurements were recorded in time-series form as binary A/D converter
representations of the sensor voltages. The complete unreduced data set filled some 40
half-Gigabyte CDROM disks. The primary objective of reducing these was to obtain an
accurate explicit empirical description of the two-point correlation tensor in a form that
could be used directly in broadband noise calculations. Using index notation for the

velocity components (i.e. u; = velocity component in direction i) we define the two-point

correlation tensor function as R; = R; (y,Ay,Az,1)=u;(y, zt)u;(y + Ay, z + Azt + 1) Wherethe

overbar denotes expected value. R;; isindependent of absolute z and time t because the
flow was closely homogeneous in these directions. Note that we define the time delay t

as positive for an event that occurs at the moveable probe (at y+Ay, z+Az) after a
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correlated event at the fixed probe (at y and z). We will also refer to the correlation

function using the notation R; =R;(y,y’,z,1)=u(y,zt)u;(y,z,t +1) wherey and Z denote

the absolute location of the moveable probe.

The two point measurements were first reduced by converting the binary voltage
representations to estimates of the instantaneous velocity vector at the two probe
locations. Fairly early on in the analysis an intermittent problem was detected in the
outputs of one of the sensors of the moving probe. Under different circumstances such a
problem could be catastrophic since it would have an unknown influence over al of the
measurement results. However, when it comes to measuring the instantaneous value of
the three components of velocity, the four-sensor probe has a redundant sensor. We were
therefore able to reformulate the hot-wire reduction equations using velocity estimates
based only on the outputs of the three reliable sensors, and recompute the direct angle
calibration of the probe based upon these new equations. The net effect was that the
faulty sensor could be ignored with out adversely affecting the accuracy of the
Instantaneous vel ocity measurements.

With this problem corrected the instantaneous velocity records obtained at each
probe separation were processed by breaking them into 1024 point records (with a 50%
overlap) and computing the average (over 250 realizations) of the cross-spectrum tensor
between the two velocity signals. Average autospectra measured by the fixed probe were

also computed to provide datafor zero Ay and Az. Average spectrawere corrected for the

dlight phase shift associated with the non-simultaneous sampling of the probes, rotated to
account for the different alignment of the two-probes relative to the flow, and inverse
Fourier transformed to obtain 1024-point estimates of the time-delay correlation. Finally

the probe coordinates associated with each time delay correlation tensor (y, Ay, Az) were
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rotated slightly to account for aroll angle of about 1.3 degrees between the vertical and
horizontal axes of the wind-tunnel traverse and they and z axes of the plane wake.
These data, which are final in the sense that they encapsulate in reduced and
corrected form all the empirical information gathered about the two-point correlation
tensor, do not form a convenient or useable expression of that function. The size of the
reduced data set alone (some 500M bytes) makes manipulation impractical on most

computers. Theirregular gridsiny, Ay and Az make that manipulation slow and awkward

even when sufficient memory is available. For these reasons the data were linearly
interpolated onto a smaller and more easily referenced 4-dimensional grid. Considerable
care was taken at each step of the interpolation to ensure that the interpolated data
contained a faithful representation of the original points, in the sense that all significant
features of the original data could be recreated from them.

Linear interpolation for probe separation and time delay was performed on to a

rectangular grid corresponding to integer values of the transformed normalized variables

a =32sgn(1)y/| U,/ L, |/8.048+33  -8.048<TU,/ L, <8.048
B=20sgn(Ay)\|Ay/ L, |/3497 +21  -3.497<Ay/ L, <3497
y =—-20sgn(A2)[| Az/ L, |/3.497 +1 -3497<Az/ L, <00

The transformed variables provide finer resolution around zero separation and time delay
than at large separations and time delays, reflecting the form and relative importance of
the different parts of the correlation function.

Interpolation in time delay was carried out only over the range

-8.048<1U, /L, <8.048(data were available for -16.096<1U,/L,, <16.096) Since no

significant correlations were observed beyond this range. Figure 16 illustrates the quality
of thisinterpolation using, as an example, the magnitudes of the six components of the

spectrum measured by the fixed probe at y/L,=0.077. The 512 point spectra obtained
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directly from the time-series data are compared with reconstructions obtained from the
interpolated data by re-interpolating it using cubic splinesin a back on to evenly spaced
time delay values and then Fourier transforming the result. The original and reconstructed
autospectra agree very closely at all frequencies.

Interpolation in Ay and Az was carried out over arange of 3.497L . In some cases,

where this exceeded the Az range of the data, extrapol ation was performed assuming a

Gaussian decay with respect to |/Ay? + Az* . Figure 17 shows, in terms of the zero-time

delay correlation in u velocity fluctuations measured with the fixed probe at y/L,,=0.077,
the influence of this procedure. Figure 17ais an (unsmoothed) contour plot of the original
uninterpolated data. Figure 17b shows a similar contour plot of the interpolated data set,
and figure 17¢ shows that same data set with the extrapolation included. The interpolated
data appears to be afaithful representation of the original measurements and the
extrapolation appears to eliminate any discontinuity at the edge of the measured data set
(its purpose). It is also clear from this picture that, at |east at some points, the farfield

decay of the correlation function in Az was clipped by the limited range of the
measurements. No clipping was observed in Ay.

Lastly the data were linearly interpolated to evenly spaced intervalsiny fromy/L,,
=0to-2.74in 16 steps of 0.1712. In other words the data were interpol ated to integer
values of the variable 3, where

5=-16y/L, /2.74+1  -274<y/L, <0
The range and step size of thisinterpolation put many of the interpolated points at, or

closeto, actual fixed probe locations. As aresult the effect of the interpolation at these
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points was small. The size of the final interpolated representation of the two-point

correlation tensor function is about 68Mbytes.

5.3 Data availability
These data and sample analysis programs are available asMATLAB files over the

World Wide Web from http://www.aoe.vt.edu/flowdata/flowdata.html under 'DATA’ and

then 'Plane Wake'. We have expended significant effort to make these data user friendly
so that they may be used by other researchers and perhaps incorporated directly into
aeroacoustic calculations.

The two-point correlation function is contained within the file ruiuj.mat as the
array ruiuj. To access this array, ssimply type 'load ruiuj * followed by a carriage return
from the MATLAB command window. Depending on the speed and capacity of your
computer the data may take about 15 seconds to load®. The array ruiuj is a 6-dimensional
array of theform b[3 3 17 41 21 65] containing the correlation data normalized on the
wake velocity scale U,,. The 1% and 2™ indices (dimensions 3 and 3) denote respectively
the velocity component index at the fixed probei and at the moving probe j. The third
index (dimension 17) gives the value of the variable 3 representing y. The 4™ and 5"
indices (dimensions 41 and 21) give the values of the transformed variables 3 and y
representing the Ay and Az separation. The final index (dimension 65) is the value of the
transformed variable a representing time delay T.

Provided with the datais the MATLAB function corrn.m. This function

interpolates the correlation tensor function at points specified in terms of the ‘primitive

L All calculations in this report were performed on a 200M Hz Pentium PC with 128Mbytes of RAM.
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normalized variables, y/L,, Ay/L,, Az/L, and TU/L ,. In other wordsit isthe literal

MATLAB expression of the function R; = R; (y,Ay, Az 1) with distances and time

normalized on wake parameters. The wake parameters for this station are L, /c = 0.0858
and U,/Ue = 0.0556. The function returns the correlation normalized on U,”. It accepts
inputs for y/L,, between -2.74 and 2.74, for Ay/L,, and AZ/L,, between -3.497 and 3.497,
for TUJ/L,, between -8.048 and 8.048. Inputs outside these ranges return the MATLAB
identifier NaN (not a number) which can easily be converted to zero (assuming that is
what is desired). Values for positive y/L,, and AZ/L,, are obtained by using the expected

symmetry of the correlation function.

5.4 Example applications using the data

Included with the data are a number of MATLAB programs that illustrate some
simple uses of the data set. To run each of these programsit is necessary first to load the
correlation data with the commands 'clear’ and 'load ruiu;’.

profile.m Plots the form of the Reynolds stress profiles for the wake, as shown in
figure 18. Compare with single-point datain figure 8.

upspec.m Plotsthe v (upwash) component of the velocity autospectrum at
selected locations across the wake (figure 19). Compare with single-point datain figures
13 and 14.

kwspec.m Pl ots the upwash wave number frequency spectrum ®,,(y,k,,w) seen on
a z-wise cut through the as a function of the cut position y (figures 20). Note the
anisotropy in the spectrum and the maximum at zero spanwise wavenumber, presumably

associated with the passage frequency of large organized eddies.
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zerotcor.m Plots the zero-time delay correlation as a function of the reference
position y (figure 21).

spodld.m Plots the proper orthogonal decomposition of the velocity component u
in they direction in terms of its eigenvalue spectrum and first 10 modes (figure 22), see

below.

5.5 Further applications

The example applicationsillustrate only a small fraction of the results that can be
obtained with this function. One could use corrn.m to determine the full upwash time
delay correlation function in the leading edge plane of ablade of any geometry cutting
the wake at any roll angle or, the upwash time-delay correlation for a curved blade
cutting a plane wake. Alternatively, as per our hypothesis, one can estimate the
correlation seen by a straight blade cutting a curved wake - this particular application is
discussed further in the following sections.

Using Taylor’s hypothesis (which one would expect to be fairly accurate in this
flow) one can also obtain estimates of the time-delay correlation function between any
two components at any two points in space moving in any frame of reference. To show
thiswe first use Taylor’s hypothesis to relate the full space time correlation function
L7y, DX, Ay, Az, 1) to that measured R;(y, Ay, Az, 1), i.e.

Ly, X, Ay, Az, 1) = R;(y, Ay, Az, T-AxIUe)
Consider then the time delay correlation Q between the velocity component u; at some
point A at (X,y,2) and the component u; at another point B at (x+Ax,y+Ay,z+Az) both

attached to a blade that is trandating through the wake with velocity vector V. This
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correlation will have the functional form Qj;(y,Ax,Ay,Azt,1). The dependence on absolute
timet (referenced say to the instant when the point A cuts the wake centerline) results
from the possibility that the blade is moving in the inhomogeneous y direction. Writing
this correlation in terms of the velocity field ui(x,y,zt) seen in the fixed frame of
reference we have
Qij(y.AxAy,Azt,T) =

<Ui(X+ Vi t, Y+ VL, Z+ VA, DU (XHAXH Vy(t+T), y+HAY+ V(4 T), Z+AZ+ V| (t+1), t+1)>
Where the triangular brackets indicated the expected value taken over multiple
realizations of the flow at the same absolute timet. Thisisthe same as

Qi (Y. AXAY,AzZt,T) = [Jj(AX+ VT, y+Vit, Ay+ W, Az+V,1,1)
which further reducesto
Qij(y.Ax,Ay,Azt,T) = Rj( y+Wyt, Ay+ W, Az+ VT, T-(Ax+V,1)/Ug)

Thus obtaining Q;(y.Ax,Ay,Azt,T) Ssmply involves the appropriate evaluation of the
MATLAB function for R;. A similar analysis can be used to write the correlation
between two points moving in different frames of reference (such as points on the leading
edge of afan blade) in terms of R;. This usefulness of the correlation function ssmply
results from the fact that once completely defined, it contains all the double velocity

correlation information contained within the flow field.

5.6 Results and discussion
In this section we present and discuss some of the two-point measurements. First
several cuts through the correlation tensor function are discussed. Such simple

representations are informative but provide only avery limited view of this four-

23



dimensional tensor function. In an attempt to reveal the physical information
encapsulated in the function in amore explicit and compact form, the methods of linear
stochastic estimation and proper orthogonal decomposition are then applied to the data.
Proper orthogonal decomposition is of particular interest since it provides a compact
representation of the turbulence suited to the computation of broadband noise resulting
from interactions between alifting surface and inhomogeneous turbulence (see Glegg and
Devenport, 1997). Finally, we examine the range of application of the two-point wake
data by using it to estimate correlation functions and wavenumber frequency spectra

measured previously in the spiral wake surrounding atip vortex.

5.6.1 Form of the correlation tensor function

Figure 23 shows a cut through the correlation tensor function zero time delay and
zero spanwise separation R;(y,y',Z,1)=R;(y.y’,0,0). The plots show all 9 components of
the correlation function. The lines y=y' represent the Reynolds stress profiles. The
measured data are fairly symmetric about the bottom left to top right diagonal - an
indication that they are closely consistent with the requirement that
R;j(y,y',0,0)=Ri(y'.y,0,0). Most of the contours of the normal correlations Ri1, Rx> and Rss
are eye-shaped indicating correlations over greater y distances near the wake centerline
than at its edges. Not surprisingly correlations of the vertical velocity component Ry,
extend over the greatest vertical distance, those of the spanwise velocity fluctuations Rs3
over the smallest distance. There are also some more subtle features that may be of
significance - lobes of negative correlation at larger separation in Rss, 'wings' in the Ry;

correlation near the wake center and asymmetry in the Ry, correlation associated with the
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dominant Reynolds shear stress.

Figure 21, 24 and 25 show cuts through the norma components of the correlation
function R; at zero time delays for fixed probe locations y/L,,=0, 1 and 2. These pictures
reveal quite a different view of the function in which we see one feature of the
relationship between velocity fluctuations in different parts of the wake. For y/L,,=0 the
correlation maps are fairly symmetric in Ay and Az as they should be. The contours show
a preference for upwash correlations (figure 21) in the vertical direction, and spanwise
velocity correlations in the spanwise direction (figure 25), as might be expected. For
y/L,=1 and 2, the correlation maps become more complex and skewed or appended in the
negative Ay direction. Thisimplies a preference for correlations with velocity fluctuations
near the wake centerline, perhaps a smple consequence of the presence of large-scale
turbulence structures in the wake and their tendency to occupy positions near the wake
centerline.

Figure 26 shows this local asymmetry in the correlation function as a function of
time delay, as seen on a cut at zero-spanwise separation for fixed probe locations
y/Lw=1.16. The axia velocity correlation map (figure 26a) diagonal legs that extend to
the corners of the map and are strongest below the fixed probe location - toward the wake
centerline. The spanwise velocity map (figure 26¢) reveals lobes of positive and negative
correlation that, rather interestingly, have axes rotated from the vertica in the
counterclockwise direction by about 45 degrees. The upwash correlation (figure 26b) is
the most anisotropic and shows vertically aligned bands of positive and negative
correlation. These oscillations in the upwash correlation are connected to the peak seen in

time spectra (figures 13b, 14b) and wave-number frequency spectra (figure 20) attributed

25



to quasi-periodicity in the large eddy structure of the wake.

5.6.2 Characteristic eddy decomposition

It is tempting to use figures 23 to 26 to speculate in detail about the form of the
instantaneous eddy structures responsible for the measured correlation maps. However,
one must remember that these figures shows only single cuts through a four-dimensional
function and, even at the resolution of the measured data, one could plot some 10000
such cuts for al the possible combinations of Z and 1. One therefore seeks a more
objective and efficient method for extracting physical information about the structure of
the instantaneous flow, particularly those aspects of the structure responsible for
broadband noise.

Linear stochastic estimation (LSE) and proper orthogonal decomposition (POD)
are both methods for extracting eddy-like velocity fields from correlation functions. LSE
(Adrian, 1996) gives the best linear estimate of the instantaneous velocity field given
some pre-determined condition, such as the value of a velocity component at one point
ui(y). In this case the estimated velocity field is ssmply given by the two-point correlation

function itsdlf,

u;i ()
U (y)2

Uiy, 2,0 e =R (v, ¥, 2,7) )

(no summation implied).

POD (Lumley, 1967) provides a means to compute the optimum basis of the
instantaneous velocity field, i.e. a series of orthogonal functions, or modes, that on
average provide the best fit to the instantaneous velocity field. If the instantaneous flow

can be characterized as a superposition of frequently appearing eddy types, then one
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might reasonably expect the modes produced by POD to represent the form of those
eddies. By maximizing the correlation with the instantaneous velocity field, Lumley
shows that the modes are eigenfunctions of the two-point correlation tensor and that their
spectrum is given by the corresponding eigenvalues. POD appears to work well in
inhomogeneous directions, such as the y direction in the present flow. One can, for
example, perform a one dimensional POD of the wake by solving the Fredholm integral

(with summation),
IR,- (v,Y.0.0)9; (y)dy'=Ag; () )
This integral has multiple eigenfunction solutions @™ (y) representing the orthogonal
modes of the instantaneous wake velocity profile, and corresponding eigenvalues A" (the
spectrum) that reveal the proportion of the turbulence kinetic energy produced by each
mode.
POD does not work so well in homogeneous directions since here it reduces to
Fourier decomposition and sinusoids are obviously not good representations of eddies.
The three-dimensional POD of the wake flow involves Fourier transforming with respect

to Z and T (or X) and then solution of the integral,

IR] (y1 y” k27 kx)(pj (y” kz’ kx)dy’:)\(kz’ kx)(ﬂ (y! k27 kx)

where k;, is spanwise wavenumber and ky represents frequency or streamwise
wavenumber and summation is implied. Again there is a multiplicity of solutions, but
each is modulated by sinusoidal variations in the homogeneous directions. To construct a
three-dimensionally compact representation of an eddy from these modes Berkooz et al.

(1993) suggest extracting only the dominant mode at each wavenumber combination and
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then inverse Fourier transforming the result having made assumptions about the relative
phasing of these modes. One potential problem with this approach is that it appears to
assume a correlation between the dominant modes, when in fact the POD implies the
absence of any such correlation.

An dternative approach, which we employ here, isto use POD only to extract the
modal profiles in the inhomogeneous direction using equation (1). We then use LSE to
obtain the best linear estimate of the three-dimensional instantaneous velocity field

associated with each complete mode. For the nth mode ¢™(y) we obtain

1
)\(n)

i 2, low = A" IR (v, 2 )y ®

(summation implied). We refer to this approach as the ‘combined method'.

It isimportant to note that the proper orthogonal decomposition of the turbulence
is of direct relevance to aeroacoustics. As shown by Glegg and Devenport (1997) the
computations of broadband noise generated by inhomogeneous turbulent flows are most
efficiently carried out if the turbulence is described in terms of its proper orthogonal
decomposition (as opposed to Fourier spectrum).

Figure 27 shows the eigenvalue spectrum from the solution to equation 2 and
figure 28 shows the first 4 modal vector profiles. The measurement resolution allowed for
the calculation of about 100 modes, of which the first 40 appeared free of any significant
aliasing effects. Figures 29 through 32 show dlices through the three-dimensional velocity
fields of the characteristic eddy structures corresponding to these 4 modes, obtained using
the combined method .

The eigenvalue spectrum (figure 27) shows that the first two modes contain

significantly more energy than the others. Together these account for about 27% of the
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total turbulence kinetic energy of the wake. The corresponding modal profiles (figures
28) are clearly associated with the generation of the Reynolds shear stress since they
combine symmetric and antisymmetric u and v profiles. The third and fourth modes
appear to imply more complex motions. Note that no w component appears in the first 4
modes. The corresponding characteristic eddies computed using equation 3 (figures 29
through 32) appear to be predominantly spanwise roller-type structures appearing either
singly (modes 1 and 3) or in symmetric pairs (modes 1, 2 and 4). The remainder of these
velocity fields away from the z=0 plane reveal no new significant structure. In particular,
there is no sign of the so-called double roller eddy seen by Payne and Lumley (1967),
among others, in cylinder wakes. The absence of such a structure is not in itself
surprising since it is well known that the structure of a fully developed wake is strongly
dependent on itsinitial condition.

It is also possible to obtain three-dimensional velocity fields of 'characteristic
wake eddies using LSE alone. This requires the choice of a velocity component and
reference location (i.e. ui(y)). These calculations, shown in figures 33 through 38, reveal
eddy structures very similar to those seen using the combined method and the first two
proper orthogonal modes.

It istempting to speculate about the physical origins and role of these structuresin
the wake flow by assuming they are indeed representative of typical instantaneous
motions (a frequent presumption in earlier work). It is also tempting to argue about the
significance of these proper orthogonal modes for the prediction of broadband noise in
blade-wake interaction problems. However, bearing in mind the results of our modeling

efforts, we delay this discussion until chapter 6.
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5.6.3 Estimation of correlation functions for a curved wake

While the present measurements can provide fairly complete information about
the correlations that would be experienced by any blade cutting a plane wake flow, it is
interesting to speculate that they may also be able to provide realistic estimates of the
upwash correlations and spectra produced by curved and distorted wakes. Curved and
distorted wakes are formed around the tip vortices shed from helicopter rotors, and in the
tangential velocity fields downstream of engine fans, where they are implicated as
significant noise generators.

Our hypothesisis that the plane wake data can be used to estimate the space time
correlation function of a distorted wake, by taking a distorted path through the correlation
function. The hope is that, while such estimates cannot be exact — one is ignoring the
effects of wake stretching, curvature, interaction etc. upon the turbulence — they will be
significantly more realistic than assuming homogeneous isotropic turbulence. This
hypothesis has been tested by re-examining the data of Devenport et al. (1998), who
measured upwash wave-number frequency spectrain a spiral wake under conditions very
similar to those of the present experiment. Their experiment was performed in thetip
vortex wake shed by a rectangular NACA 0012 half wing at a chord Reynolds number of
320,000. The wing was at 5 degrees angle of attack, and their measurements were made
10 chordlengths downstream of the wing leading edge in the Virginia Tech 3x2 Low
Speed Wind Tunnel.

Figure 39 shows the cross-sectional structure of Devenport et al.'s (1998) flow in

terms of axial turbulence normal stress F/Ue2 . Inthis picture the vortex center is located
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at the origin of the coordinate system (point D). The rotating velocity field of the vortex
has rolled up the wake into a spiral form. A farly detailed analysis of the variation in
wake properties along this spiral, performed by Miranda (1996), is available. Devenport
et al. made 4 sets of two-point measurements in this flow. For each set, the fixed probe
was placed at the point marked with the solid circle, and the moveable probe was
traversed to a number of points along the intersecting line. These measurements were
used to obtain estimates of the correlation functions and wave-number frequency spectra
that would be seen about a point on the leading edge of a horizontal blade cutting this
flow.

We concentrate our efforts here on the measurements made for the fixed-probe
point C, in the region where the wake is suffering very intense lateral curvature and
stretching (see Miranda, 1996). Figure 40(a) shows in detail the geometry of the wake
centerline (locus of minimum streamwise mean velocity) and two-point traverse linein
this region. The measurements made along are related to those made in the present plane
wake by assuming that distances and velocities measured parallel and perpendicular to
the wake centerline are equivaent in the two cases, when normalized on the respective
half wake widths L,, and velocity scales. Thus a curved path through the plane wake flow,
defined by the cartesian coordinatesy, Ay, Az and velocity components v and w (see
figure 40Db), is equated to the straight path through the spiral wake described by
equivaent curvilinear coordinates and components measured perpendicular and parallel
to the centerline (figure 40a).

The principal source of uncertainty in this process is the specification of the

appropriate half-wake width L, for the spiral wake since the mean velocity field around
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point C is significantly influenced by the axial velocity deficit of the nearby vortex core.
Miranda (1996) gives the half wake width at location C as 0.0276c¢, based only on the
upper half of amean velocity profile measured perpendicular to the centerline. However,
this estimate, which is one third of the half width of the unrolled up portion of the wake
(0.0827c¢), is at odds with the form of the Reynolds stress fields (e.g. figure 39) which
suggest a wake half-width near C of about two-thirds that seen in the unrolled up portion
(i.e. 0.0551c).

We present results in figures 41 through 44. Figure 41a shows the space time
correlation maps for the three velocity components measured by Devenport et al. (1998).
Figures 41b through 41d show estimates obtained from the plane wake data for each of
the possible lengthscal e choices (0.0276¢, 0.0580c, and 0.0827c). The results are
presented in terms of the spiral-wake cartesian coordinate system (X, Vs, Zs) (Us, Vs, W)

defined in figures 39 and 40. We define the space time correlation of streamwise velocity

fluctuations Us as Ry, (Vs Zs, A2, T) = Us(Ys, Zs, )Us (Y5, 25 + A2, t +T), With similar

definitions for the upwash vs and spanwise ws components. Here ys and zs denote the
position of the fixed probe, and thus remain constant. Correlations are normalized on the
mean-square fluctuation of the velocity component in question at the fixed probe
location.

Figures 42 through 44 compare the Fourier transforms of the correlation maps -

i.e. the pointwise wavenumber frequency spectra - defined for us as

U (o]
(pusus(ys1 Zs1kzvaxs) :ﬁJ‘Rusus(ysa 5,0z, 1) e

Vet g dnz with similar definitions for

Vs and ws. Here K, represents the angular frequency w in terms of the nominal
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streamwi se wavenumber Kys=w/Ue. The Fourier transform is performed by assuming the
correlation function is symmetric about Az=0.

The large variation in the plane wake estimates visible in figures 41 through 44
reveal how important the length scale choice is. However, with the lengthscal e based
upon the turbulence field (0.0551c) the correlation maps (figure 41c) and wavenumber
frequency spectra (figure 43) estimated from the plane wake data show reasonable overall
agreement with Devenport et al.’s measurements. The estimates display most of the
important features - the negative lobes in the upwash vs correlation map, the spectral peak
in the upwash spectrum, as well as some of the anisotropy seen in all the correlations and
spectra. They also show some significant disagreement, however - the shape of the us
correlation is poorly estimated in all cases, the anisotropy of the upwash spectrumis
overpredicted, for example. These shortcomings are not unexpected since by using the
plane wake data we are ignoring the effects of wake stretching, curvature, interaction etc.
upon the turbulence. However, the estimates based on the plane wake data still appear
significantly more realistic than the homogeneous isotropic functions that are implied by
the use of von Karman's interpolation formula or similar models. This approach may
therefore offer some improvement for broadband noise calculations if the wake

characteristics can be accurately be determined.

6. MODELING OF THE TWO-POINT CORRELATION TENSOR FUNCTION

6.1 I ntroduction

The objective of the modeling effort was to develop a simple technique for
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extrapolating the two-point correlation tensor function from single-point Reynolds stress
data that could be tested using the wake flow measurements. We were inspired by the
need for such models in aeroacoustics, by the smooth form revealed by the two-point
correlation tensor measurements, and by the hypothesis that much of this form might be a
direct result of the inhomogeneity of the turbulence field coupled with the constraints of
continuity. Our philosophy was to develop the simplest and most generic method
consistent with this hypothesis. For the purposes of modeling we deal exclusively with
the space correlation function, in the knowledge that for low turbulence flows space time
correlations can be inferred from this function using Taylor’s hypothesis (see for example

section 5.5). We therefore write the two-point correlation tensor as

Rij (F,7)=ui (MNu; (1) (4)

where 1 = % =(xy,2) and r'=x, =(x,y,z) denote the two points and u; (i=1,2,3) denotes
the velocity components in the directions of x, y and z. In incompressible flow R; must be

divergence free with respect to both indices, i.e.

IR _ 5

dx (5)
IR _ (6)
0X

using summation subscript notation. This property that can be guaranteed

(Chandrasekhar, 1950) by writing it as the double curl of another tensor function,



%0, (r.1)

OX 1, 0% ()

R (r,r) = €€ jm

The unit alternating tensor €anc 1S €qual to unity if a, b, carein cyclicorder (123123
1..),-1if a, c, barein cyclic order, and zero otherwise. To demonstrate that the result of
equation (6) has the correct properties we substitute this expression into equations (2)

and (3), yielding

ORy 2%q

— =g g jm——r——=0 (8)
9 Xm 0 Xk 0 X

0 Rij _ 63q|n =0

— 7 E&KEm 7 1=

0X; 0Xpm 0 xi 0X;

By analogy with vector calculus, we refer to g, as the ‘tensor potential’.

6.2 Form of g, for homogeneous turbulence
It is well known (see for example Hinze, 1975) that the two point correlation

tensor for homogenous isotropic turbulence can be written as,
I af(s) - g(s ! ! O
R e B CRRRCLY (9)

where s=|7-7'|, f() is the longitudinal correlation coefficient function, g() is the lateral

correlation coefficient function, u the velocity scale of the turbulence, and J;; is the

Kronecker delta. Alternatively, using the relationship between g() and (), namely
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1 0f(9)

9(s)= f(S)+ S— (10)
0s
this expression is written as
0
(xi - % (- X; )af(s) 1 of(s)
=20 J =
RON=u = 2 o i+ 52 BS% (12)

We will now show that the tensor potential description of this two-point

correlation tensor function is simply,

1
Gy = =5 U*N(9)3n (12)

where h(s)= Iossf(s)ds. This can be demonstrated simply by substituting equation (12)

into equation (6) and performing the differentiation.

2 2h
Rjj (rr)=- 8|k| EJmnﬁéln
aXm 0 Xk (13)
_ U 9%h(s)
= -—E&k Ejml -
2 X, 0 Xk
Now,
oh(s
MO - 9 (14)
axm xm
and so,
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9’ h(S)

af S as 0s
= {9+ s2Y) + (9 (15)
ox.. 0, " os ox, O X 0 x4
where
0s — Xm = Xm aS:Xk'Xk 9°s :(Xm'xm )X - X, )_5mk (16)
' s 0 s ' 3 s
0X, Xic 0X,, 0 X S
Substituting back into equation (13) we get,
2 0
RIF7)= Y cueim ﬁf(s)w";‘j’)(x"’ n Q(Xk 5 g S)(Xk %) %
.
(17)
O
TR CLETL D05 | s
2 Has S H
for 14 this equation reduces to
@R 06 x 0 %) B
Ri(WT= =5 nas s O (18)
0 0
for i5 it becomes
e R ruC R X P (19)
2 Has S H
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which areidentical to equation (11).
The compact nature of the tensor potential representation (equation 12) compared
to the conventional form (equation 11) is encouraging and suggests that it may be an

efficient modeling tool.

6.3 Relationship to Proper Orthogonal Decomposition
In proper orthogonal decomposition (Lumley, 1967) the instantaneous velocity
field of a flow is decomposed into a sum of orthogonal modes ¢” multiplied by

uncorrel ated coefficients ay(t),
ui(F,H)= %ap(t) @#(r) (20)

The modes are determined from the two-point correlation tensor as the eigenfunction

solutions to the equation,
J Ri (7. F) P (F)aV( )= Ap@? () (21)

where the eigenvalues 4, give the mean square values of the coefficients a, and dV
denotes a volume element . The correlation tensor may be reconstructed from the modes

by the summation

Ri (F.F)= %Ap«of*’)(f) @) (22)
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The POD is optimal in the sense that it guarantees, on average, reconstruction of
the velocity field to a given accuracy from the fewest number of modes. It also
maximizes the projection of u; onto the modes, and thus it is often supposed that the
modes will represent the averaged form of the coherent structures. Indeed POD has been
claimed as providing an objective definition of the term coherent structure, at least in
inhomogeneous flows (Paine and Lumley, 1967).

Since the modes and eigenvalues are determined from R; the question of their
relationship to the tensor potentia arises. This relationship can be determined by

considering the proper orthogonal decomposition of the vector potential, i.e.
An(F7)= 3 EuP (MWD () (23)
P

where the modes y® and eigenvalues are obtained from an equation analogous to (22).

Substituting this expression into equation (7) we obtain

Thus the eigenvalues for R; are the same as those for g; and the proper orthogonal
modes of R;; are the curl of the proper orthogonal modes of ¢;. Physically then, the modes
of g, must provide the optimal reconstruction of the vector potential of the instantaneous
velocity field. Thisimplies some potentialy useful efficiencies in the form of q. Since
it is a curl function, one can add any gradient field to the vector potential of velocity
without altering the velocity field. Thisimplies that the vector potential can be specified

using only two components. The tensor potential can therefore be specified completely in
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only four components (see equation 23). We do not use this simplification here, but feel it

may well be valuable in more refined modeling efforts.

6.4 Modeling approach and application to the wake flow

Since our objective is the development of a simple technique for extrapolating the
two-point correlation tensor function from single-point turbulence data, we need a
method for prescribing the tensor potential in a manner consistent with a specified
Reynolds stress field. Conceptually, we envision g, as the product of two functions. A
scaling function that ensures consistency of the correlation function with the specified
Reynolds stress field (and thus the inhomogeneity of the flow), and a decay function that
becomes unity when =" and represents (in vector potential terms) the normalized
correlation.

The smplest possible expression for g, that can work for inhomogeneous
turbulence is equation 12 but with u® is replaced by a scaling function that makes R;

consistent with the single point Reynolds stress data. The expression,

i (11 7) = [0 ()00 (1) =4 813 g (1)t o (IR T =1 (25)
where aij; is the square root of the specified Reynolds stress tensor, is one such form. The
term in the square brackets becomes equal to the Reynolds stress tensor less half its trace
when r =r". If h() retains the properties of the first moment of a correlation coefficient

function (i.e. parabaloidal with unit second derivative and zero value at r =r’) then the
double curl operation recovers the Reynolds stress tensor.
This form of the model is not very sophisticated but it is completely generic and

could be applied to any turbulent flow of known Reynolds stress field. Furthermore,
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equation 25 is a fairly straightforward application, and thus test, of our underlying
hypothesis that much of this form of the two-point correlation tensor may result from the
inhomogeneity of the turbulence field coupled with the constraints of continuity. We are
in no doubt that the equation 25 could be improved by incorporating more complex
variations (e.g. a non-isotropic decay function h() that depends on location) but we have
resisted this temptation prefering, instead, to test the performance of the model without
such flow-specific information.

To apply this equation 25 to the airfoil wake we specified the Reynolds stress
field from the measured profiles at x/c=8.33 and chose h() to be the first moment of avon
Karman spectrum with the same length scale (0.73L,,) at all points throughout the wake.
This value of the length scale was obtained by examining experimental time delay

correlations at the wake centerline.

6.5 Results and discussion

Results are presented in figures 45 through 47. Figure 45 shows a cut through the
modeled correlation tensor function zero time delay and zero spanwise separation
Ri(y.y'.Z,1)=R;(y.y’,0,0) which may be compared directly with the experimental data in
figure 23. Many of the gross features of the correlations are quite well reproduced by the
model. A number of differences are also visible most notably in the extent of the Rx
correlation and in the predicted symmetry of Ry (Symmetry is not necessarily dictated by
equation 25). Figure 46 shows cut at zero-spanwise separation through the model
correlation function for fixed probe locations y/L,=1.16, and may be directly compared

with figure 26. This comparison shows that the model reproduces some fairly subtle
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details of the measurements - the diagonal legs in the axia velocity correlation map that
extend below the fixed probe location toward the wake centerline, the positive and
negative lobes in the spanwise velocity map and the counterclockwise rotation of their
axes. The most significant difference between model and measurement is in the time
delay correlation of upwash fluctuations. The oscillatory form of the measured
correlation function is absent from the model results. This is not surprising. The
oscillations are associated with the quasi-periodicity of the large-scale structures in the
wake, and our model includes no such physics.

We can also use the predicted correlation tensor function to calculate proper
orthogona modes and associated characteristic eddy structures for the wake. Intuitively,
one would not expect the model to reproduce the form of the modes or eddies, which are
often thought of as representative of typical instantaneous motions, since it contains no
physics beyond the Reynolds stress profile and a single length scale so one would not
expect it to. Despite this, the modal spectrum (figure 27) obtained from the model is very
similar to that measured and the model seems to provides an accurate prediction of the
modal profiles (figure 28). Furthermore the model reproduces the dominant features of al
the associated three-dimensional characteristic eddy structures (figure 47).

One could interpret these results as demonstrating that the instantaneous form of
the dominant wake eddies can be predicted merely from the Reynolds stress distribution
and a length scale. The aternative (and perhaps more readlistic) interpretation is that the
characteristic eddy structures are in fact not representative of the instantaneous eddies at
al, but merely eddy-like representations of the correlation function. Either way, it

appears that the modes and associated velocity fields can, at least approximately, be
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predicted from the Reynolds stress field. This in turn implies that the modes are self-
similar. Both observations provide important simplifications to the aeroacoustic problem

of calculating the response of a downstream airfoil or structure to a wake flow.

7. CONCLUSIONS
Single and two-point turbulence measurements have been made in the plane
turbulent wake shed from aNACA 0012 airfoil at zero angle of attack for a chord
Reynolds number of 339,000. These measurements provide information and insight into
the structure of the turbulence from the point of view of broadband noise generation
through blade-wake interactions in helicopter rotors and aircraft engines.

The single point measurements of mean velocity, Reynolds stresses, triple

products lead to the following conclusions.

1. All measurements showed the wake to be closely two-dimensional, and
symmetric about its centerline.

2. Residual spanwise mean velocities and associated stresses and triple products
were small, consistent with two-dimensionality. It is plausible that these
residual levels are not spurious products of the measurement system, but could
be generated by dlight free-stream non-uniformity across the airfoil span.

3. The wake momentum thickness Reynolds number was 3060.

4. Thewake reached afully developed state about 900 momentum thicknesses
downstream of the trailing edge.

5. The shape and development of the mean velocity field and the parameters

describing it (half width and centerline axial velocity deficit) and the shape of



10.

1

the Reynolds shear stress profiles are closely consistent with data and
correlations from previous studies of plane wakes.

Upwash (v-component) spectra and turbulence normal stress profiles are the
last of the statistical quantities measured to reach afully developed state.

The Kolmogorov microscale for this flow is 1% of the half wake width in the
fully developed region (0.17mm at the two-point measurement station).
Consistent with earlier studies the v autosspectra measured in the fully
developed wake display adistinct peak near fL,,/Ue =0.25, usually attributed
to the passage frequency of the dominant coherent structures.

The u and w autospectra display inertial subranges (of -5/3 slope) over about 1
decade of frequency range.

Almost al the Reynolds shear stressis generated by motions at frequencies
less than the apparent passage frequency of dominant structures ( fL,/Ue

=2.5).

Two point turbulence measurements were made 9.34 chordlengths downstream of the
airfoil leading edge at the start of the fully devel oped region. One of the probes was
placed at 17 ‘fixed-probe’ locations across half of the wake width. For each of these
positions, the second moveable probe was positioned at 400 locations around the
fixed probe and the full cross-spectrum tensor between the fluctuating velocity

vectors at the two stations was measured.

These data were reduced to obtain a complete description of the 4-

dimensional two-point correlation tensor function of the fully devel oped



turbulent wake.

. A compact representation of this function, suitable for use in aeroacoustic
calculations, has been extracted from these measurements, and is publicly
availablein MATLAB" format. Sample codes are also available.

. These data can be used to determine the upwash space-time correlation
function seen by any blade cutting the wake on any path.

. Comparison with earlier measurements made in the spiral wake around atip
vortex show that these data can also be used to estimate the upwash space-
time correlations experienced by a blade cutting a distorted wake, aslong as a
suitable wake half-width is chosen.

. The methods of linear stochastic estimation and proper orthogonal
decomposition applied to these data reveal the modes, eigenvalue spectra and
‘characteristic eddy structures’ of the wake. Proper orthogona decomposition
is of particular interest since it provides a compact representation of the
turbulence suited to the computation of broadband noise resulting from
interactions between a lifting surface and inhomogeneous turbulence.

. A simple generic technigue has been developed to extrapolate the form of the
two-point correlation tensor function from the Reynolds stress field of any
flow.

. Applied to the wake this reproduces many of the gross features of the
correlation function, including the dominant proper orthogonal modes, their
spectrum and the ‘characteristic eddy structures inferred from the

experimental data.



8. This implies either that the instantaneous form of the dominant wake eddies
can be predicted merely from the Reynolds stress distribution and a length
scale or, that the characteristic eddy structures are in fact not representative of
the instantaneous eddies at al, but merely eddy-like representations of the
correlation function.

9. Italsoindicates that the modes are self-similar.

10. Both of these observations provide important simplifications to the
aeroacoustic problem of calculating the response of a downstream airfoil or
structure to awake flow.

Thisreport, and the data it describes are available over the World Wide Web at

http://www.aoe.vt.edu/flowdata.
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Single-Point Measurements

Uncertainty in (U- U, )/U,,, VIU,,, W/U,, 0.008
Absolute uncertainty in u*/U.,” 0.0023
Absolute uncertainty in v*/U,’ 0.0077
Absolute uncertainty in w*/U,, 0.0062
Absolute uncertainty in u'v//U,’ 0.0025
Absolute uncertainty in vw/U.,” 0.0013
Absolute uncertainty in u'w'/U,, 0.0013
Relative uncertainty in spectral levels 0.18
Two-Point Measurements
Uncertainty in R;(y,Ay,Az,1)/Rj(y,0,0,0) 0.035
Relative uncertainty in spectral levels 0.18

Table 1. Uncertainty estimates at 20:1 odds based on measurements made near
the wake centerline at x/c=9.34.
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Figure 5. Definition of wake scales U, and L,,
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Figure 14. Velocity spectra measured approximately one half-wake width from
the flow centerline, normalized on half-width and centerline axial velocity deficit.
Legend in figure 14(c)
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Figure 14. Velocity spectra measured approximately one half-wake width from
the flow centerline, normalized on half-width and centerline axial velocity deficit.
Legend in figure 14(c)
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Figure 14. Velocity spectra measured approximately one half-wake width from
the flow centerline, normalized on half-width and centerline axial velocity deficit.
Legend in figure 14(c)
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Figure 15. Schematic of the wake cross section illustrating the
400-point grid measured for each of the 17 fixed probe locations
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Figure 16a. Comparison of original velocity autospectra with estimates recreated from the
interpolated data. x/c=9.33, y/L,=0.077
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Figure 16b. Comparison of original velocity cross-spectra with estimates recreated from the
interpolated data. x/c=9.33, y/L,=0.077



(b)

(€)

Figure 17. Comparison of zero-time delay correlation maps for u for y/L,,=0.077.
(a) Raw data, (b) recreated from interpolation, (c) same as (b) with Gaussian extrapolation
Distances in inches, L,=0.686 inches
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Figure 27. Eigenvalue spectra from the one-dimensional proper
orthogonal decomposition in the y direction.
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Figure 28. Modal profiles for the first 4 modes. Symbols show
measurements, lines show model results. Modes 3 and 4 are reversed
for the model results.
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Figure 29(a). Characteristic eddy associated with the first proper

orthogonal mode.



Figure 29(b). Characteristic eddy associated with the first proper
orthogonal mode.



Figure 29(c). Characteristic eddy associated with the first proper

orthogonal mode.
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Figure 30(a). Characteristic eddy associated with the second proper

orthogonal mode.



Figure 30(b). Characteristic eddy associated with the second proper
orthogonal mode.



Figure 30(c). Characteristic eddy associated with the second proper

orthogonal mode.
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Figure 31(a). Characteristic eddy associated with the third proper

orthogonal mode.



Figure 31(b). Characteristic eddy associated with the third proper
orthogonal mode.
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Figure 31(c). Characteristic eddy associated with the third proper

orthogonal mode.
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Figure 32(a). Characteristic eddy associated with the fourth proper

orthogonal mode.



Figure 32(b). Characteristic eddy associated with the fourth proper
orthogonal mode.



Figure 32(c). Characteristic eddy associated with the fourth proper

orthogonal mode.



v
\

v

TN Lo
MR SN 11
A \

PR DA ST T .:._ﬂ TN
..::v:..(ll/./ ///. /'~\ ’
..--vl(// //./ | ceas
e . |4// // e \\ A

- N

_ SN\

N

Ce Ny

RN R e
///,W/ﬂﬂ/w/mu,‘.,
AR\

..(//./
| . ..r’//// N

0

Figure 33(a). Linear stochastic estimate of the velocity field associated

with a u fluctuation at y/L,,



Figure 33(b). Linear stochastic estimate of the velocity field associated
with a u fluctuation at y/L,=0
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Figure 33(c). Linear stochastic estimate of the velocity field associated
with a u fluctuation at y/L,=0
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Figure 34(a). Linear stochastic estimate of the velocity field associated

with a u fluctuation at y/L,,

=1



Figure 34(b). Linear stochastic estimate of the velocity field associated
with a u fluctuation at y/L,=1
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Figure 34(c). Linear stochastic estimate of the velocity field associated

with a u fluctuation at y/L,,

=1



Figure 35(a). Linear stochastic estimate of the velocity field associated

with a v fluctuation at y/L,,

=0



Figure 35(b). Linear stochastic estimate of the velocity field associated
with a v fluctuation at y/L,=0



Figure 35(c). Linear stochastic estimate of the velocity field associated

with a v fluctuation at y/L,,

=0



Figure 36(a). Linear stochastic estimate of the velocity field associated

with a v fluctuation at y/L,,

=1



Figure 36(b). Linear stochastic estimate of the velocity field associated
with a v fluctuation at y/L =1
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Figure 36(c). Linear stochastic estimate of the velocity field associated

with a v fluctuation at y/L,,

=1
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Figure 37(a). Linear stochastic estimate of the velocity field associated
with a w fluctuation at y/L,=0



Figure 37(b). Linear stochastic estimate of the velocity field associated
with a w fluctuation at y/L,=0



Figure 37(c). Linear stochastic estimate of the velocity field associated

with a w fluctuation at y/L

0
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Figure 38(a). Linear stochastic estimate of the velocity field associated
with a w fluctuation aty/L,=1



Figure 38(b). Linear stochastic estimate of the velocity field associated
with a w fluctuation aty/L,=1



Figure 38(c). Linear stochastic estimate of the velocity field associated

with a w fluctuation at y/L
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Figure 39. Contours of axial turbulence normal stress normalized on edge velocity
for the lifting wake flow of Miranda (1996), Devenport et al. (1998) and Wenger (1999).
Points/lines A, B, C and D show locations of two-point measurements.
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Figure 40. Relationship between (a) curvilinear coordinate system based on
spiral-wake centerline and two-point traverse line, and (b) cartesian coordinate
system of plane wake two-point correlation data. Coordinates x, X, and components
u, ug are directed in the flow direction out of the paper.
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Figure 41(a). Space time correlation maps for the spiral wake, point/line C,
as measured by Devenport et al. (1998).
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Figure 41(b). Space time correlation maps for the spiral wake, point/line C,
estimated from plane wake data with L,/c = 0.0276.
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Figure 41(c). Space time correlation maps for the spiral wake, point/line C,
estimated from plane wake data with L, /c = 0.0551.
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Figure 41(d). Space time correlation maps for the spiral wake, point/line C,
estimated from plane wake data with L, /c = 0.0827.
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Figure 42. Pointwise wavenumber frequency spectra for the spiral wake,
point/line C, ug component. Top - measured, bottom - estimated from plane
wake data. (a) L,/c =0.0276.
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Figure 42. Pointwise wavenumber frequency spectra for the spiral wake,
point/line C, ug component. Top - measured, bottom - estimated from plane
wake data. (b) L,/c = 0.0551.
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Figure 42. Pointwise wavenumber frequency spectra for the spiral wake,
point/line C, ug component. Top - measured, bottom - estimated from plane
wake data. (c) L,/c =0.0827.
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Figure 43. Pointwise wavenumber frequency spectra for the spiral wake,
point/line C, v, component. Top - measured, bottom - estimated from plane
wake data. (a) L,/c = 0.0276.
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Figure 43. Pointwise wavenumber frequency spectra for the spiral wake,
point/line C, v, component. Top - measured, bottom - estimated from plane
wake data. (b) L,/c = 0.0551.
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Figure 43. Pointwise wavenumber frequency spectra for the spiral wake,
point/line C, v, component. Top - measured, bottom - estimated from plane
wake data. (c) L,/c =0.0827.
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Figure 44. Pointwise wavenumber frequency spectra for the spiral wake,
point/line C, w, component. Top - measured, bottom - estimated from plane
wake data. (a) L,/c = 0.0276.
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Figure 44. Pointwise wavenumber frequency spectra for the spiral wake,
point/line C, w, component. Top - measured, bottom - estimated from plane
wake data. (b) L,/c = 0.0551.
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Figure 44. Pointwise wavenumber frequency spectra for the spiral wake,
point/line C, w, component. Top - measured, bottom - estimated from plane
wake data. (c) L,/c =0.0827.
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Figure 45. Correlation maps for zero time delay (Dx) and spanwise

separation Rij(y,y',O,O)/UW2 computed using the model (compare with

figure 23).
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Figure 46. Correlation maps for zero spanwise separation about a fixed
probe position of y/L,=1.16: Ry(1.16L,,,y",0,x)/U,? computed using the
model.
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